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We address the dynamics of quantum correlations for a bipartite continuous-variable quantum system interact-
ing with its fluctuating environment. In particular, we consider two independent quantum oscillators initially
prepared in a Gaussian state, e.g. a squeezed thermal state, and compare the dynamics resulting from local noise,
i.e. oscillators coupled to two independent external fields, to that originating from common noise, i.e. oscillators
interacting with a single common field. We prove non-Markovianity (non-divisibility) of the dynamics in both
regimes and analyze the connections between non-divisibility, backflow of information and revivals of quantum
correlations. Our main results may be summarized as follows: (i) revivals of quantumness are present in both
scenarios, however, the interaction with a common environment better preserves the quantum features of the
system; (ii) the dynamics is always non-divisible but revivals of quantum correlations are present only when
backflow of information is present as well. We conclude that non-divisibility in its own is not a resource to
preserve quantum correlations in our system, i.e. it is not sufficient to observe recoherence phenomena. Rather,
it represents a necessary prerequisite to obtain backflow of information, which is the true ingredient to obtain
revivals of quantumness.
PACS numbers:
I. INTRODUCTION
Decoherence is a distinctive sign of the detrimental influ-
ence of the environment on a quantum system. In quantum
information and technology, decoherence is the main obstacle
to reliable quantum processing of information. More gener-
ally, decoherence is a widely accepted explanation for the loss
of nonclassicality of quantum systems and for their transi-
tion to the classical realm [1, 2]. In the recent years, it has
been recognized that the action of an environment on a sys-
tem may also have some non-detrimental effects, at least for a
transient. Indeed, non-trivial spectral structures and memory
effects, usually leading to non-Markovian dynamics for the
quantum system [3–6], may induce recoherence and revivals
of quantum features.
The environment of a quantum system is usually made of
several (classical and quantum) units with an overall complex
structure. As a consequence, a full quantum treatment of the
interaction betweeen a system and its environment is often
challenging, or even unfeasible in a closed form. On the other
hand, it is often the case that the overall action of the environ-
ment may be conveniently described as an external random
force acting on the system, i.e. a classical stochastic field
(CSF) [7]. In general, one might expect that the modeling of
a quantum environment as classical one leads to an incom-
plete description, i.e. such a description cannot capture the
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full quantum features of the dynamics. On the contrary, it has
been proved that several system-environment interactions have
a classical equivalent description [8–13]. In addition, there
are experimental situations in which quantum systems interact
with an inherently classical Gaussian noise [14–17], or where
the environment can be effectively simulated classically [18].
In this framework, the first goal of this paper is to analyze in
details the dynamics of a bipartite system made of two indepen-
dent quantum harmonic oscillators interacting with its classical
fluctuating environments. In particular, we compare the dynam-
ics of correlations in two different environmental situations.
On the one hand, we consider a local noise model, where each
oscillator interacts with its own classical environment. On
the other hand, we also consider the situation where both the
oscillators interact with a common environment, described by
a single stochastic field. A similar analysis has been performed
for qubit systems [19, 20] revealing a rich phenomenology.
Our work is also aimed at better analyzing the connections
between the dynamics of quantumness, e.g. revivals of quan-
tum correlations and the quantum-to-classical transition, and
the non-Markovian features of the dynamics. In particular,
we want to investigate the role of non-Markovianity itself (i.e.
non-divisibility of the quantum dynamical map) against the
role of the backflow of information, which is a sufficient (but
not necessary) condition to prove non-Markovianity and, in
turn, often used to witness its presence.
In order to introduce the subject, we remind that directly
proving [21–23] the non-Markovian character of a dynamics
is not always possible, as in many situations the full analytic
form of the time-dependent quantum dynamical map is miss-
ing. When the direct verification is not possible, one may
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2exploit witnesses of non-Markovianity, i.e. quantities that
vanish in case of a Markovian dynamics. Even though the
witnesses may successfully capture the memory feature of a
non-Markovian process in many situations, they possess differ-
ent physical meaning and may be ineffective in some specific
situation. As an example, the BLP measure [24], and its con-
tinuous variable analogue based on fidelity [25], have both a
clear physical interpretation in terms of information flow from
the environment back to the system. Used as a witness, the
BLP measure has been proved useful and effective to quantify
memory effects in several situations but it may also fail to
detect non-Markovianity [29, 30]. On the other hand, recent
results [31] suggest that information backflow is the essential
element in addressing non-Markovian dynamics of a quantum
system and for this reason the BLP measure has been proposed
as the definition of quantum non-Markovianity itself.
In this context, more information may be often extracted
from the study of the quantum correlations of the system, e.g.
the entanglement or the quantum discord. In fact, revivals
of quantum features, especially in non-interacting bipartite
systems, may be a signature of a non-Markovianity. This is
what happens, e.g., for non-interacting qubits [19, 32]. On the
other hand, the connection between revivals of correlations
and backflow of information appears quite natural, especially
in open quantum systems: a temporary and partial restoration
of quantum coherence, previously lost during the interaction,
is a sign of a memory effect, possibly of the environment,
which is supposed to be storing correlations and sending them
back to the system. Remarkably, revivals of correlations may
also be found when the quantum system is interacting with a
classical environment, suggesting that these feature reflects a
property of the map, rather than a property of the environment.
For qubit systems revivals have been detected in presence of
Gaussian noise [33], and may even be found in the case of
non-interacting qubits [34]. For a single oscillator, classical
memory effects have been found to increase the survival time of
quantum coherence [35] and, in particular, it has been proved
that a detuning between the natural frequency of the system
and the central frequency of the classical field induces revivals
of quantum coherence.
For the system under investigation in this paper, non-
Markovianity needs not to be witnessed, as it can be easily
proven in a direct way. The stochastic description of the envi-
ronment, in fact, allows us to determine the analytic form of
the quantum dynamical map and to check straightforwardly its
non-divisibility. On the other hand, information backflow may
be revealed using fidelity witness [25]. Our results indicate that
the dynamics is not divisible for both local and common noise,
and that also revivals of quantumness appears in both cases,
with the common case better preserving the quantum features
of the system. At the same time, we found that revivals of
quantum correlations are present only when non-Markovianity
is present together with a backflow of information. We con-
clude that non-Markovianity itself is not the resource needed
to preserve quantum correlations in our system. In other words,
non-Markovianity alone is not a sufficient condition to induce
revivals. Rather, it represents a necessary prerequisite to obtain
backflow of information, which is the true ingredients to obtain
revivals of quantumness.
The paper is organized as follows. In Sec.II we introduce
the system and the stochastic modeling of both the environ-
mental scenarios. In Sec. III we introduce the quantifiers of
correlations and describe the initial preparation of the system,
focusing on its inital correlations. In Sec. IV we analyze the
dynamics of the correlations, delimiting the boundaries for the
existence of revivals. In Sec. V we prove the nonmarkovian-
ity of the dynamics and study the fidelity witness. Sec. VI
summarizes the paper.
II. THE INTERACTION MODEL
We consider two non-interacting harmonic quantum oscil-
lators with natural frequencies ω1 and ω2 and analyze the
dynamics of this system in two different regimes: in the first
one each oscillator is coupled to one of two independent non-
interacting stochastic fields, we dub this scenario as the local
noise case. In the second regime, the oscillators are coupled
to the same classical stochastic field, so we dub this case as
common noise. In both case, the Hamiltonian H is composed
by a free and an interaction term. The free Hamiltonian H0 is
given by
H0 = ~
2∑
j=1
ωja
†
jaj (1)
Unlike the free Hamiltonian H0, which is the same in the
description of both models, the interaction term HI differs.
In the following subsections, we introduce the local and the
common interaction Hamiltonian.
A. Local Interaction
The interaction Hamiltonian HL in the local model reads
HL (t) =
2∑
j=1
ajC¯j(t)e
iδjt + a†jCj(t)e
−iδjt (2)
where the annihilation operators a1, a2 represent the oscilla-
tors, each coupled to a different local stochastic field Cj(t)
with j = 1, 2, and δj = ωj − ω is the detuning between the
carrier frequency of the field and the natural frequency of the
j-th oscillator. In the last equation and throughout the paper,
we will consider the Hamiltonian rescaled in units of a refer-
ence level of energy ~ω0 (for a reason to be pointed out later).
Under this condition, the stochastic fields C1(t), C2(t), their
central frequency ω, the interaction time t, and the detunings
all become dimensionless quantities.
The presence of fluctuating stochastic fields leads to an
explicitly time-dependent Hamiltonian, whose corresponding
evolution operator is given by
U(t) = T exp
{
−i
∫ t
0
dsHL (s)
}
, (3)
3where T is the time ordering. However, as the interac-
tion Hamiltonian is linear in the annihiliation and creation
operators of the two oscillators, the two-time commutator
[HL (t1), HL (t2)] is always proportional to the identity. In
particular, when the stochastic fields satisfy the conditions
Cj(t1)C¯j(t2) = Cj(t2)C¯j(t1), with j = 1, 2, the two-time
commutator becomes
[HL (t1), HL (t2)] =
∑
j=1,2
2i C¯j(t1)Cj(t2)
× sin [δj(t1 − t2)] I12 (4)
This form of the two-time commutator allows us to use the
Magnus expansion [26, 27] to simplify the expression of the
evolution operator (3) into
U(t) = exp (Ξ1 + Ξ2) (5)
where the most general form of Ξ1 and Ξ2 is given by
Ξ1 = −i
∫ t
0
ds1HI(s1), (6)
Ξ2 =
1
2
∫ t
0
ds1
∫ s1
0
ds2 [HI(s1), HI(s2)]. (7)
The specific form of Ξ1 for the local (ΞL1) scenario is given by
ΞL1 =
2∑
j=1
(
a†jφj(t)− ajφ∗j (t)
)
(8)
where
φj(t) = −i
∫ t
0
ds e−iδjsCj(s) with j = 1, 2. (9)
The evolution of the density operator of the system then reads
ρL(t) =
[
eΞ
L
1 ρ(0)e(Ξ
L
1 )
∗]
F
=
[
D(φa, φb)ρ0D
†(φa, φb)
]
F
(10)
where Dj(α) = exp(αa
†
j − α∗aj) is the displacement oper-
ator, D(α1, α2) = D(α) = D1(α1)D2(α2) and [. . .]F is the
average over the realizations of the stochastic fields.
In the local scenario, we assume each CSF
Cj(t) = C
(x)
j (t) + iC
(y)
j (t),
described as a Gaussian stochastic process with zero mean
[C
(x)
j (t)]F = [C
(y)
j (t)]F = 0 and autocorrelation matrix given
by [
C
(x)
j (t1)C
(x)
k (t2)
]
F
=
[
C
(y)
j (t1)C
(y)
k (t2)
]
F
= δjkK(t1, t2) (11)[
C
(x)
j (t1)C
(y)
k (t2)
]
F
=
[
C
(y)
j (t1)C
(x)
k (t2)
]
F
= 0 (12)
where we introduced the kernel autocorrelation function
K(t1, t2). By means of the Glauber decomposition of the
initial state ρ(0)
ρ(0) =
∫
d4ζ
pi2
χ[ρ(0)](ζ)D†(ζ) (13)
where χ[ρ](ζ) = Tr[ρD(ζ)] is the symmetrically ordered char-
acteristic function, the density matrix of the evolved state reads
ρL (t) = GL [ρ(0)] =
∫
d4ζ
pi2
gL (ζ)D(ζ)ρ(0)D
†(ζ) (14)
where we use the Gaussian function
gL (ζ) =
exp(− 12 ζ ·Ω · σ−1L ·ΩT · ζT )√
det[σL ]
(15)
where σL and the symplectic matrix Ω are given by
Ω =
(
0 1
−1 0
)
σL =
(
β1(t)I2 0
0 β2(t)I2
)
. (16)
The matrix σL is the covariance of the noise function gL (σ)
and its matrix elements are given by
βj(t, t0) =
∫ t
t0
∫ t
t0
ds1ds2 cos[δj(s1 − s2)]K(s1, s2). (17)
B. Common Interaction
The HamiltonianHC in the common interaction model reads
HC (t) =
2∑
j=1
aje
iδjtC¯(t) + a†je
−iδjtC(t) (18)
where each oscillator, represented by the annihilation operators
a1, a2, is coupled to a common stochastic field C(t) which
is described as a Gaussian stochastic process with zero mean
[C(x)]F = [C
(y)]F = 0 and the very same autocorrelation
matrix of the local scenario.
Along the same lines of the local interaction model deriva-
tion, we use the Magnus expansion in order to get to the evo-
lution operator. By asking the stochastic field to satisfy the
relation C(t1)C¯(t2) = C(t2)C¯(t1), the two-time commutator
reads
[HC (t1), HC (t2)] = C¯(t1)C(t2)
∑
j=1,2
2i sin [δj(t1 − t2)] I12.
(19)
The evolution operator for the common scenario is the same
described in Eq. (5), where the specific form of Ξ1 in the
common interaction model is given by
Ξ C1 =
2∑
j=1
(
a†jψj(t)− ajψ∗j (t)
)
(20)
4where
ψj(t) = −i
∫ t
0
ds e−iδjsC(s) with j = 1, 2. (21)
The evolution of the density operator of the system then reads
ρ(t) =
[
eΞ
C
1 ρ(0)e(Ξ
C
1 )
∗]
F
=
[
D(ψ1, ψ2)ρ0D
†(ψ1, ψ2)
]
F
(22)
which, following the same steps of the derivation presented in
the previous subsection, leads to
ρC (t) = GC [ρ(0)] =
∫
d4ζ
pi2
gC (ζ)D(ζ)ρ(0)D
†(ζ) (23)
where we use the Gaussian function
gC (ζ) =
exp(− 12 ζ ·Ω · σ−1C ·ΩT · ζT )√
det[σC ]
(24)
σC being its covariance matrix, given by
σC =
(
β1(t)I2 R
R β2(t)I2
)
(25)
R =
(
βC (t) γC (t)
γC (t) βC (t)
)
(26)
with the matrix elements given by
βc(t, t0) =
∫ t
t0
∫ t
t0
ds1ds2 cos[(δ1s1 − δ2s2)]K(s1, s2),
γc(t, t0) =
∫ t
t0
∫ t
t0
ds1ds2 sin[(δ1s1 − δ2s2)]K(s1, s2).
(27)
C. Covariance Matrix dynamics in local and common
interaction
The dynamical maps described by Eqs. (14) and (23) corre-
spond to Gaussian channels, i.e. the evolution, in both regimes,
preserves the Gaussian character of the input state. In turn, this
is a useful features, since in this case quantum correlations,
entanglement and discord, may be evaluated exactly. We also
remind that Gaussian channels represent the short times solu-
tion of Markovian (dissipative) Master equations in the limit of
high-temperature environment. In the following, this link will
be exploited to analyze the limiting behaviour of the two-mode
dynamics.
In order to get quantitative results, we assume that fluctua-
tions in the environment are described by Ornstein-Uhlenbeck
Gaussian processes, characterized by a Lorentzian spectrum
and a kernel autocorrelation function
K(t1, t2) =
1
2
λt−1E exp(−|t1 − t2|/tE ) ,
where λ is a coupling constant and tE is the correlation time
of the environment. We also assume the case of resonant oscil-
lators (ω1 = ω2 = ω0), which implies that the oscillators are
identically detuned from the central frequency of the classical
stochastic field, i.e.
δ1 = δ2 = δ = 1− ω
ω0
.
This assumptions simplifies the expression of the state dynam-
ics: in the local scenario, leading to β1(t) = β2(t) = β(t) and,
in turn,
ρL (t) = EL [ρ(0)](t) =
=
∫
d4ζ
(piβ(t))2
exp
(
− |ζ|
2
β(t)
)
D(ζ)ρ(0)D†(ζ) (28)
where β(∆t = t− t0) = β(t, t0) with the Ornstein-Uhlenbeck
kernel is
β(t) =
λ
[1 + (δ tE )2]2
{
t− tE + (δ tE )2(t+ tE )
+ tE e
−t/tE [(1− (δ tE )2) cos δ t− 2δ tE sin δ t]}.
(29)
In the common noise case, the condition of resonant oscillators
implies β1(t) = β2(t) = βc(t) = β(t) and γc(t) = 0, leading
to simplified matricesR and σC given by
R =
(
β(t) 0
0 β(t)
)
σC =
(
β(t)I2 R
R β(t)I2
)
(30)
corresponding to the Gaussian channel
ρ(t) = EC [ρ(0)](t) =
=
∫
d2ζ
piβ(t)
exp
(
− |ζ|
2
β(t)
)
D(ζ, ζ)ρ(0)D†(ζ, ζ). (31)
As for the initial state ρ(0) of the system, we assume a generic
squeezed thermal state (STS), which is a zero-mean Gaus-
sian state, described by a Gaussian characteristic function
χ[ρ(0)](ζ) = exp
(
− 12ζTσSTS ζ
)
where the covariance ma-
trix σSTS of the state has the general form
σSTS =
1
2
(
A I2 Cσz
Cσz B I2
)
, (32)
where σz = diag(1,−1) is the z Pauli matrix. This covariance
matrix corresponds to a density operator of the form
ρ = S2(r)(ν1 ⊗ ν2)S2(r)† (33)
where S2(r) = exp{r(a†1a†2−a1a2)} is the two-mode squeez-
ing operator and νj is a single-mode thermal state
νj =
1
n¯j
∑
m
(
n¯j
n¯j + 1
)m
|m〉〈m|. (34)
5The physical state depends on three real parameters: the squeez-
ing parameter r and the two numbers n¯1, n¯2, which are related
to the parameters A,B,C of eq. (32) by the relations
A = cosh(2r) + 2n¯1 cosh
2 r + 2n¯2 sinh
2 r
B = cosh(2r) + 2n¯1 sinh
2 r + 2n¯2 cosh
2 r
C = (1 + n¯1 + n¯2) sinh(2r). (35)
As the squeezed thermal state is a Gaussian state and the
dynamics in both scenarios is described by a Gaussian chan-
nel, the output state at any time is Gaussian as well, so it
is determined only by the covariance matrix. By evaluating
the characteristic function of the evolved state, one finds that
the covariance matrices of the state at time t in the local and
common scenarios are
βL (t) = σSTS + 2σL (t) (36)
βC (t) = σSTS + 2σC (t) , (37)
where σL (t) and σC (t) are given in Eqs. (16) and (30) respec-
tively. As mentioned before, the Gaussian character of the
states is preserved by the dynamics. Nevertheless, while the
output state in the local scenario is always a STS, i.e. at any
time it can be put in a diagonal form by means of a two-mode
squeezing operation, the output state in the common scenario
ceases to be an STS as soon as the interaction starts.
III. QUANTUM CORRELATIONS
Systems possessing quantum features have proved them-
selves useful in many fields, e.g. quantum information, quan-
tum computation and quantum estimation, increasing the per-
formances of computation protocols and precision measure-
ments. In the case of bipartite systems, the quantumness lies
both in the nonclassicality of the state and in the correlations
between the different parts of the system. In this section, we in-
troduce two well-known markers of correlations, entanglement
and quantum discord.
A. Entanglement
While classical multipartite systems, though being corre-
lated, are always described in a quantum picture by separa-
ble states, quantum multipartite systems may show nonclassi-
cal correlations which require a description in terms of non-
separable density operators. Aiming at quantifying these quan-
tum correlations, the entanglement measures the degree of
non-separability of a quantum system. For a bipartite Gaussian
state ρ with covariance matrix σ, the entanglement is given by
the logarithmic negativity, which is defined as
N (ρ) = max{0,− log(2d˜−)} (38)
where d˜− is the smallest symplectic eigenvalue of the par-
tially transposed covariance matrix σPT = ∆σ∆ with ∆ =
diag(1,−1, 1, 1). As stated by Simon [36], a two-mode gaus-
sian state is separable if and only if the symplectic eigenvalue
satisfies the relation d˜− ≥ 12 . Any violation of the latter im-
plies that the state is non-separable (or entangled) and leads to
a positive measure of the entanglement given in (38).
FIG. 1: Quantum correlations of STS for different values of the energy
. Left panel: Entanglement of a STS as a function of squeezing
parameter γ. The STS is entangled as long as γ overtakes a threshold
value that depends on the energy . Right panel: Discord of a STS as
a function of squeezing parameter γ. The STS is always a discordant
state unless γ = 0. In both panels, from bottom to top,  = 0 (blue
line), ,  = 1 (yellow line) ,  = 2 (green line) ,  = 3 (red line)
B. Quantum Discord
The total amount of the correlations possessed by a bipartite
quantum state ρ is called mutual information and is given by
I(ρ) = S(ρ1) + S(ρ2)− S(ρ), (39)
where S(ρj) is the Von Neumann entropy of the j-th subsystem.
Usually, the mutual information can be divided into two parts:
a classical part C(ρ) and a quantum part D(ρ), which takes
name of quantum discord. The classical correlations, defined
as the maximum amount of information extractable from one
subsytem by performing local operations on the other, are given
by
C(ρ) = maxΠi
{
S(ρ1)−
∑
i
piS(ρ
Πi
1|2)
}
(40)
where ρΠi1|2 = Tr2(ρI ⊗ Πi) is the state after the measure-
ment on system 2 with probability pi = Tr1,2(ρI⊗ Πi). The
quantum discord is defined as the difference between the total
correlations and the classical correlations:
D(ρ) = I(ρ)− C(ρ). (41)
The quantum discord then measures the amount of correla-
tions whose origin cannot be addressed to the action of local
operations or classical communication. However, computing
the quantum discord may be challenging as it usually implies
finding the POVM that maximizes the classical correlations. In
the case of Gaussian states, the form of the POVM maximizing
the classical correlations is known [37, 38] and the quantum
discord depends only on the covariance matrix by the relation
D(ρ) = h(
√
I2)− h(d−)− h(d+) + h
(√
Emin
)
, (42)
6where d− and d+ are the symplectic eigenvalues of the covari-
ance matrix, I1, I2, I3, I4 are the so-called symplectic invari-
ants, h(x) = (x + 12 ) log(x +
1
2 ) − (x − 12 ) log(x − 12 ) and
[38]
Emin =

[
2|I3|+
√
4I23+(4I2−1)(4I4−1)
4I2−1
]2
if Rσ ≤ 1
I1I2+I4−I23−
√
(I1I2+I4−I23 )2−4I1I2I4
2I2
if Rσ > 1
(43)
where
Rσ =
4(I1I2 − I4)2
(I1 + 4I4)(1 + 4I2)I23
.
For Gaussian states satisfying the second condition, the maxi-
mum amount of extractable information is achieved by measur-
ing a canonical variable (e.g. by homodyne detection in optical
systems [39]). On the other hand, for states falling in the first
set, the optimal measurement is more general, and coincides
with the projection over coherent states for STSs. For a generic
Gaussian state, with covariance matrix σ written in a block
form
σ =
(
A C
CT B
)
(44)
the symplectic invariants are I1 = detA, I2 = detB, I3 =
detC, I4 = detσ.
C. STS correlations
In order to assess the dynamics of entanglement and discord
in the presence of noise, we briefly review the static properties
of quantum correlations [40] for a squeezed thermal state. We
consider the case of identical thermal states (n¯1 = n¯2 =
n¯) and use a convenient representation of STSs, built upon
re-parametrizing the covariance matrix by means of its total
energy  = 2(n¯ + ns + 2n¯ ns), with ns = sinh2 r, and a
normalized squeezing parameter γ ∈ [0, 1], such that
ns = γ n¯ =
(1− γ)
1 + 2γ
.
Note that, for γ = 0 the state has only thermal energy ( = n¯)
while for γ = 1 the total amount of energy comes from the
two-mode squeezing operation ( = sinh2 r).
Fig.1 shows the quantum correlations of a STS as a func-
tion of the energy  and the squeezing parameter γ. The left
panel shows that the STS is entangled as long as γ overtakes a
threshold value which depends on the total amount of energy.
Conversely, the quantum discord of a STS is always positive,
unless the state is purely thermal, i.e. with zero squeezing.
(γ = 0). Notice that the states considered in this paper belongs
to the class of Gaussian states for which the Gaussian discord
equals the full quantum discord [41].
IV. DYNAMICS OF QUANTUM CORRELATIONS
Before proceeding with a detailed analysis of the dynamics
of the quantum correlations, let us focus on the function β(t),
in order to understand which parameters affect the dynamics
of the output state. As a matter of fact, the function β(t),
in (29) dependent on only two parameters (except time t),
as it can be rescaled in units of tE by assuming δ˜ = δtE ,
λ˜ = λ tE , t˜ = t/tE , leading to the expression (in which tildes
have already been dropped)
β(t) =
λ
[1 + δ2]2
{
t− 1 + δ2(t+ 1)
+ e−t
[
(1− δ2) cos δ t− 2δ sin δ t]}. (45)
Intuitively, given the form of the covariance matrices in Eqs.
(36) and (37) one realizes that when β(t) shows a monotonous
behaviour, the system cannot gain any quantum features, or
go back to the initial state at any value of the interaction time.
Conversely, an oscillating β(t) would let the system orbiting
in the parameter space, which means that the quantum features
of the output state may have a chance to be restored.
Formally, upon imposing the condition dβ(t)/dt = 0 leads
to the following equation
2λ
1− e−t(cos δt− δ sin δt)
1 + δ2
= 0 (46)
which can not be analitically solved. The left panel of Fig. 2
contains a numerical plot of the solutions of (46) and shows
the existence of a lower bound on the rescaled detuning δ for
the oscillations of β(t). The lower bound is represented by the
black dashed line, corresponding to
δ0 =
3pi
2
[ProductLog(
3pi
2
)]−1 ' 3.644 ,
independently of λ.
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FIG. 2: Left panel: Contourplot of dβ(t)/dt = 0 as a function of
t and δ. The purple curve represents the solution of dβ(t)/dt = 0.
The black dashed line represents the maximum value of δ = δ0 for
which β(t) does not oscillate. Right panel: β(t) for different values
of δ. From bottom to top, the other lines are for δ = 1 (blue), δ = 5
(yellow), δ = 10 (green), δ = 15 (red). An oscillating behavior is
present only if δ > δ0.
With this in mind, we now examinate the dynamics of quan-
tum correlations of initially maximally entangled squeezed
7thermal states (γ = 1) and two-mode thermal states (γ = 0)
in presence of local and common stochastic environments. In
order to be able of comparing the results of the different sce-
narios, we remind we already limited the analysis to resonant
oscillators and that we assume identical the rescaled coupling
constant λ(c) for the common scenario and λ(1), λ(2) for the
local scenario, λ(c) = λ(1) = λ(2) = λ.
Let us start by addressing the dynamics of correlations of an
initially entangled STS: the upper panels in Fig. 3 show how
the classical stochastic fields, whether they be local or common,
induce loss of correlations in time. However, the decay rate
of correlations is not the same in both scenarios: indeed, the
presence of a common stochastic field is less detrimental, i.e.
the interaction with the same environment leads to a slower
loss of correlations. In all the four panels, the green line
corresponds to δ = δ0, the threshold value over which β(t)
shows an oscillating behavior. As it is possible to see, δ = δ0
plays the role of the threshold value also in the case of the
correlations. In fact, detunings bigger than δ0 induce revivals
of entanglement (upper right) and discord (lower left and right).
The entanglement dynamics of the upper panel allows us to
point out an important issue: δ > δ0 is a necessary condition
for an oscillating β(t), though revivals of entanglement also
depend on the rescaled coupling λ. In other words, when
δ > δ0, the symplectic eigenvalue d˜− of (38) flows in time in
unison with β(t), without necessarily violating the separability
condition d˜− ≥ 12 . This explains the presence of a plateau in
the entanglement of the common scenario with δ = δ0.
Let us now focus on the discord dynamics (see the the lower
panels in Fig. 3). While the entanglement shows a vanishing
behavior in both scenarios in any setup of parameters, the same
cannot be said for the quantum discord. While in the local
scenario the initial discord tends to vanish, the common inter-
action introduces some correlations which clearly arise after
the drop of the initial discord [42]. The effect of the common
stochastic field on the dynamics of the quantum discord is even
clearer in the case of thermal input states (squeezing parameter
γ = 0). The upper left panel of Fig. 4 shows the discord
evolution of the state ρ = ν1 ⊗ ν2 in the common scenario.
The interaction transforms the initial zero-discord state into
a discord state without affecting the separability of the input
state (the symplectic eigenvalue d˜− always satisfies the condi-
tion d˜− ≥ 12 , as is apparent from the upper right panel of Fig.
4). Furthermore, the quantum discord tends to an asymptotic
value which depends on both the energy  and the squeezing
parameter γ of the input Gaussian state, but it is not affected
by the parameters of the environment λ and δ. Indeed, this can
be seen as a consequence of the non-markovianity of the quan-
tum map, as the long-time dynamics is influenced by the input
state. A contourplot of the asymptotic value of the Discord as
a function of  and γ is shown in the lower right panel of Fig.
4. Finally, we want to mention that the POVM that minimizes
the quantum discord changes in time preserving the continuity
of the discord itself. As an example, we report one particular
scenario in the lower left panel of Fig. 4 where the regions
corresponding to the two POVMs are coloured differently.
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FIG. 3: (Color Online) Dynamics of correlations in presence of CSFs
for different values of rescaled detuning δ. Upper left panel: Entangle-
ment dynamics in local scenario as a function of time t. Upper right
panel: Entanglement dynamics in common scenario as a function of
time t. In both scenarios, the entanglement possessed by the system
may revive. Lower left panel: Discord dynamics in local scenario as
a function of time t. The initial discord decreases in time. Right left
panel: Discord dynamics in common scenario as a function of time t.
The initial discord decreases, reaches a minimum and the increases
monotonically as a consequence of the interaction. In all panels, we
set  = 1, γ = 1, λ = 1, and, from bottom to top, δ = 0 (blue line),
δ = 2 (yellow line), δ = δ0 (green line), δ = 4 (red line), δ = 6
(purple line), δ = 8 (brown line).
V. NON DIVISIBILITY VS INFORMATION BACKFLOW
The presence of revivals of correlations might be interpreted
as a signature of some form of information backflow between
the system and the environment, a phenomenon typically as-
sociated to non-Markovian effects. It is the purpose of this
section to reveal the non-Markovian character of the Gaussian
maps of both scenarios and explore the link between non-
divisibility and information backflow, analyzing the evolution
of the Fidelity of two input states.
A completely positive map E(t,t0) describing the dynamical
evolution of a quantum system is said to be divisible if it sat-
isfies the decomposition rule E(t2,t0) = E(t2,t1)E(t1,t0) for any
t2 ≥ t1 ≥ t0. Divisibility is often assumed to be the key con-
cept to characterize non-Markovianity in the quantum regime
and a completely positive map is said to be non-Markovian it
it violates the decomposition rule for some set of times.
In our system, it is straightforward to prove that the Gaus-
sian maps (14) and (23) do not satisfy the divisibility condi-
tions, i.e. they cannot describe a Markovian dynamics. In
order to prove this results, we notice that the composition of
maps EL (∆t2)EL (∆t1) corresponds to a convolution, leading
8FIG. 4: Upper panels: Correlations of a two-mode thermal state. Left
panel: discord dynamics in time t for different values of δ. The
initially zero-discord state becomes a discord state because of the
interaction. Right panel: dynamics of symplectic eigenvalue d˜−
for different values of δ. The state always remains separable, though
becoming a discord state. In both panels we have  = 1, γ = 0, λ = 1
and, from top to bottom, δ = 0 (blue line), δ = 2 (yellow line), δ = δ0
(green line), δ = 4 (red line), δ = 6 (purple line), δ = 8 (brown line).
Lower left panel: Regionplot of the POVM minimizing the quantum
discord. We set  = 1, δ = 3, λ = 1. Lower right panel: contourplot
of the asymptotic value of the quantum discord as a function the input
state parameters  and γ. We set δ = 3, λ = 1.
to EL (∆t2)EL (∆t1) = EL (∆t1 + ∆t2). This condition is sat-
isfied if and only if
β(∆t1 + ∆t2) = β(∆t1) + β(∆t2). (47)
which is not satisfied for any choice of the parameters δ and λ,
thus implying that the map is always non-Markovian. A similar
proof can be obtained for the common noise map EC (∆t).
We are now ready to discuss the connections between re-
vivals of correlations, non-divisibility and information back-
flow. As we already mentioned in the introduction, non-
Markovianity may be revealed by some witnesses, as the BLP
measure or the analogue measure based on fidelity for CV
systems. Both techniques are based on the contractive property
(valid for Markovian dynamics) of the trace distance and the
Bures distance, respectively. Therefore, a non-monotonous
behaviour of the trace distance or the fidelity is a signature of
non-Markovianity. Furthermore, both these witnesses possess
physical meaning: the trace distance is directly related to the
probability of discriminating two states in time, whereas the
Bures distance may be used to evaluate upper and lower bounds
of the very same error probability defined by the trace distance.
Therefore, a non-monotonous dynamics also implies a partial
clawback of distinguishability of two input states, which has
been interpreted as a sign of a backflow of information[43]. A
measure of non-Markovianity NF can be constructed by the
violation of the contractive property of the fidelity,
NF = 1
2
∫
1
2
∫ (∣∣∣ d
dt
DB(ρ1, ρ2)
∣∣∣+ d
dt
DB(ρ1, ρ2)
)
dt,(48)
where we used the Bures distance
DB(ρ1, ρ2) =
√
2
[
1−
√
F(ρ1, ρ2)
]
. (49)
The quantity NF is nonzero only when the derivative of the
Bures distance is positive, i.e. the contractive property is vio-
lated and the fidelity has a non-monotonous behaviour. In our
system, the fidelity between any pair of two-mode Gaussian
states
F(ρ1, ρ2) =
[
Tr
√√
ρ1ρ2
√
ρ1
]
. (50)
may be evaluated analytically [44], though its expression is
cumbersome and will not reported here.
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FIG. 5: Dynamics of Fidelity and Bures distance derivative for dif-
ferent values of rescaled detuning δ. Upper left panel: dynamics of
Fidelity in a local scenario. Upper right panel: dynamics of Fidelity
in a common scenario. In both situations, Fidelity ceases to oscillate
when δ is lower than the threshold value δ0. The distinguishability of
the input states diminishes monotonically in time and no backflow of
information is detected. Lower left panel: derivative of Bures distance
in local scenario. Lower right panel: derivative of Bures distance in
common scenario. The curves with a positive part of derivative of
Bures distance have δ > δ0 and correspond to the curves in the upper
panels where oscillations of Fidelity are shown. In all panels, we set
1 = 2, 2 = 1, γ1 = γ2 = 1, λ = 1 and, from top to bottom δ = 0
(blue line), δ = 2 (yellow line), δ = δ0 (green line), δ = 4 (red line),
δ = 6 (purple line), δ = 8 (brown line).
In Fig.5 we show the time evolution of the fidelity and
the derivative of the Bures distance between a pair of two-
mode squeezed vacuum states (γ = 1) with different energies
9(1 6= 2). The existence of sets of parameters leading to a
non-monotonous behavior of the fidelity and a region of pos-
itive derivative of Bures distance is enough to confirm the
already proven non-Markovianity of both maps. However, non-
Markovianity is not detected when δ ≤ δ0, where δ0 is the very
same threshold obtained in the previous Section, i.e. the thresh-
old to observe revivals of correlations. The same behaviour is
observed for any choice of the involved parameters, confirm-
ing that revivals of correlations are connected to the backflow
of information revealed by the fidelity measure, rather than a
feature related to non-divisibility of the map itself.
VI. CONCLUSIONS
In conclusions, we have investigated the evolution of en-
tanglement and quantum discord for two harmonic oscillators
interacting with classical stochastic fields. We analyzed two
different regimes: in the first the two modes interact with two
separate environments describing local noise, whereas in the
second case we consider a single environment describing a
situation where the two oscillators are exposed to a common
source of noise).
We have obtained the analytic form of the quantum map
for both the local and the common noise model and analyzed
the dynamics of quantum correlations for initial states ranging
from maximally entangled to zero discord states. Our results
show that the interaction with a classical environment always
induces a loss of entanglement, while the quantum discord
shows a vanishing behavior in the local scenario but may ex-
hibit a non zero asymptotic value in the common scenario,
independently on the the initial value of the discord. We have
also shown that the interaction with a common environment is,
in general, less detrimental than the interaction with separate
ones.
Finally, we have proved the non-divisibility of the maps and
found some structural boundaries on the existence of revivals
of correlations in terms of a threshold value of the detuning
between the natural frequency of the system and the central
frequency of the noise. The same threshold determines the
presence of backflow of information, associated to oscillations
of the fidelity between a pair of initial states. Overall, this sug-
gests that non-divisibility in itself is not a resource to preserve
quantum correlations in our system, i.e. it is not sufficient to
observe recoherence phenomena. Rather, it represents a nec-
essary prerequisite to obtain backflow of information, which
is the true ingredient to obtain revivals of quantumness and,
in turn, the physically relevant resource. In this framework,
our findings support some recent results [31, 45] about the
definition of quantum non-Markovianity, which emphasize
the fundamental role of information backflow, as opposed to
divisibility, as a key concept for the characterization of non-
Markovian dynamics in the quantum regime.
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